Abstract-This paper shows that Lyapunov-based state feedback controller synthesis for piecewise-affine systems can he cast as an optimization problem subject to a set of LMIs analitically parameterized by a vector. Furthermore, it is shown that continuity of the control inputs at the switchings can be guaranteed by adding equality constraints to the problem without affecting its parameterization structure. Finally, it is shown that piecewise-affine state feedback controller synthesis to maximize the decay rate of a quadratic control Lyapunov function can be cast as a set of quasi-convex optimization problems parameterized by a vector.
INTRODUCTION
Piecewise-affine systems are multi-model systems that offer a good modeling framework for complex dynamical systems involving nonlinear phenomena. Piecewise affine systems are also a class of hybrid systems, Le, systems with a continuous-time state and a discrete event state. Piecewise-atliue systems pose challenging problems because of its switched structure. In fact, the analysis and control of even some simple piecewiseaffine systems have been shown to be either an "P shown that for the particular case of piecewiselinear state feedback without affine terms, globally quadratic stabilization could be cast as a convex optimization problem. Unfortunately, if affine terms are included in the controller, as stated in 121, "it does not seem that the condition for stahilkability can he cast as an LMI", which apparently destroys the convex structure of the problem, making it hard to solve globally. The current paper shows that piecewise-affine state feedback using a globally quadratic Lyapunov function can indeed be solved to a point near the global optimum in an efficient way by a set of parameterized LMls. In this paper four controller synthesis problems are formulated, relaxed to a finite set of optimization programs and solved. The paper starts by presenting the assumptions that are common to all controller design problems, followed by the statements of the four problems. Section IV formulates the controller synthesis problems as optimization programs and discusses its solution. Finally, after a numerical example, the paper presents the conclusions 11. PROBLEM ASSUMPTIONS It is assumed that a PWA system and a corresponding partition of the state space with polytopic cells R,, 
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PROBLEM STATEMENT
There are four Lyapunov-based controller synthesis problems that will he solved in this paper. For the four problems, the piecewise-affine state feedback input signal is parameterized by K , and m , in the form
with -10 5 m, 5 lo where lo is a vector of upper bounds for the entries of m , , z = 1 , . . . , M . The glnhally quadratic candidate control Lyapunov function is parameterized by P = PT as V ( 2 ) = 2PZ.
( 1 1 
A. Stabilization -Problem I
The candidate control Lyapnnov function (11) becomes a Lyapunov function with decay raye a iffor fixed a t 0, V > 0 and V < -aV. Using (6) and (IO), sufficient conditions for exponential stability are P = PT > 0, 
C. Decay Rate Maximization
In the problems of sections IV-A and IV-B the parameter a was fixed. Let now a, the desired decay rate for the globally quadratic control Lyapunov function, be lo, l1 are vector bounds. To solve problems 4.3 and 4.4, note that if y is again sampled, for each fixed value of y there is one quasisonvex optimization problem to he solved. For each optimization, a lower hound to the corresponding maximum value of a can then he found, as tight as desired, using the familiar bisection algorithm.
Algorithm # 2 -Bisection: I) Set a = 0, and solve the corresponding convex stabilization problem 1 (or problem 3). If the problem is infeasible stop; there is no piecewiseaffine state feedback controller that can quadratically stabilize the system. If the problem is feasible, set atwcr = 0, a = 6 for small 6 and go to step 2.
2) Solve stahilizntion problem 1 (or problem 3) with a + 10a until an infeasible solution is reported.
3) Set crupper = a, where a is the one that made problem 1 (or problem 3) infeasible in step 2. Given the desired degree of e tightness of the lower hound, choose the tolerance to1 = 6.
4)
While supper -slower < to1 solve the convex stabilization problem 1 (or problem 3) with a + 0.5at0,,, + 0.5a,p,,,. If the problem is feasible set elwer = a, otherwise set supper = a 5 ) The c-tight lower bound is atouer and the Eoptimal controller and control Lyapunov function parameters are the ones that are provided as the solution to problem 1 (or problem 3) using a = Cr1owcr.
V. EXAMPLE
This example considers a circuit with a nonlinear resistor taken from 121 and shown in figure 1. With 
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where L = 2 x lo4. The (exact) ellipsoidal covering is
where el = e2 = e3 = (0 11. It is clear from figure 4 that maximizing the decay rate has yielded a much faster controller as compared to the controller whose results are shown in figure 3. This has come at the expense of increasing the control signal although the gain vectors still meet the limiting bounds. Also notice that the constraints for continuity of the input signals have imposed that the first component of all gain vectors be equal.
VI. CONCLUSIONS
The main contribution the paper is to show that the problem of piecewiseaffine state feedback controller synthesis can be cast as an optimization program with an infinite number of LMI constraints parameterized analitically by a vector. After a relaxation (such as, for example, gridding the domain of the vector parameterizing the LMIs), the problem can now be solved more efficiently to a point near the global optimum using available convex optimization packages. Before casting the synthesis in the format presented here, Lyapunov-based piecewise-afiine state feedback controller synthesis could only be formulated as a hiconvex optimization program, which is very expensive to solve globally.
